Introduction
Mammalian kidneys are vital organs that filter waste products from the blood while also regulating blood volume, blood pressure and acid balance. These functions are achieved via specialised filtration / reabsorption structures called nephrons. While all nephrons are formed during embryonic development, there is substantial variability in final nephron number with this ranging from 300,000 to 1.8 million nephrons per kidney in humans (Bertram et al., 2011) . The functional consequences of this variability are now becoming apparent, with evidence of an inverse relationship between nephron number and renal function during adult life (Moritz et al., 2003) . Our understanding of what regulates final nephron number remains incomplete. Overt abnormalities of the kidneys, including hypoplasia / dysplasia, are observed in as many as 1 in 200 newborns (Weber et al., 2006) , and a large number of genes have been implicated. There is additional evidence for an impact of a variety of in utero environmental stressors on nephron number, including protein deprivation, drug and ethanol consumption and altered glucocorticoid levels (Moritz et al., 2003) . Premature birth appears to accelerate the cessation of nephron formation, resulting in reduced nephron number in such individuals (Faa et al., 2010) .
The mammalian kidney is formed from several key progenitor cell types. An initial epithelial outgrowth, the ureteric bud (UB), extends from the nephric duct of the embryo in response to a source of chemoattractive ligands in an adjacent mesenchymal population, the metanephric mesenchyme, E10.5 in mouse, week 5 in humans (Little and McMahon, 2012) . Once these two populations meet, the ureteric bud commences a process of mainly dichotomous branching events to form a characteristic 'ureteric tree' that constitutes the exit path for urine produced by the nephrons.
Conversely, the mesenchyme aggregates around the tips of the branching ureteric epithelium to form the cap mesenchyme. The cap mesenchyme surrounding a given UB tip is referred to as a ϰ nephrogenic niche and this niche remains the location of subsequent branching events as well as the location of a second morphogenetic event, the differentiation of a portion of cap mesenchyme cells into non-branching epithelial nephrons. Subsequent UB branching is supported by the presence of the mesenchyme whereas survival of the mesenchyme and its differentiation into nephrons is regulated, at least in part, by signals secreted by the epithelial UB tip cells.
While the processes driving kidney morphogenesis are complex, the role of a number of key growth factors are known. Glial derived neurotrophic factor (Gdnf) produced by the mesenchyme, is the initial, chemoattractive signal and the morphogen that subsequently drives continued branching of the ureteric tree. In response to Gdnf signalling, the UB cells upregulate the Ret receptor which in turn upregulates Wnt11 (Costantini and Kopan, 2010) . Wnt11 production by the UB cells is thought to feed forward to increase Gdnf production within the mesenchyme (Majumdar et al., 2003) . This central pathway can, however, be bypassed via FGF10 signalling, explaining the robustness of the process of initial kidney formation (Costantini and Kopan, 2010) . The fate of the mesenchyme is a balance of two processes: differentiation into nephrons and proliferation. The production of Wnt9b within the UB drives differentiation of mesenchyme into nephrons , but may also support its survival (Karner et al., 2011) , whereas the production of Fgf9 in the UB upregulates Fgf9 and Fgf20 within the mesenchyme ensuring ongoing proliferation of that cellular compartment (Barak et al., 2012) . This crosstalk between the two cell types is assumed to regulate their rates of proliferation as well as their respective transformation into other cell types.
A number of mammalian organs form via branching morphogenesis of an epithelial outgrowth.
While organs such as the lung have a more defined primary branching program (Metzger et al., 2008) , synchronous and asynchronous dichotomous branching drive the bulk of lung development in ϱ a manner similar to other organs including the kidney (Short et al., 2013) . In both cases, signals exist within the surrounding mesenchyme and that mesenchyme has been shown to play an instructive role, although not necessarily on organ shape but on final differentiation (Taylor et al., 2009 ). In each case, the distal-most portion of the branching epithelial tree is also important for organ function, with differentiation of the epithelial tips forming specialised structures. In the case of the lung, the epithelial tips form the alveoli whereas in the mammary gland they form the milkproducing acini. In contrast, branching of the ureteric tree of the kidney results in more than an arborized tree with specialised tips: branching is coupled with the induction of a differentiation event within the mesenchyme to form a second tubular structure, the nephron, which fuses with the tips. In this way, the reciprocal interaction of the mesenchyme and ureteric tip populations is a unique inter-relationship in mammalian organogenesis. However, the fact that the ureteric tree will form a dichotomously branched structure in vitro, in the absence of the mesenchyme (Nigam and Shah, 2009 ), suggests a cell-autonomous branching program.
During kidney development, we have little understanding of what initiates any given branching event, how perturbation of proliferation within the ureteric or mesenchymal compartments will affect this branching or how it is influenced by ongoing nephron formation. One may predict that if survival or proliferation of either the mesenchyme or the epithelium were suppressed, this might retard, or even terminate, development. Certainly, a global switch for the mesenchyme to differentiate rather than proliferate (self-renew) completely represses subsequent branching (Self et al., 2006) . Conversely, some genetic examples of hypoplasia, with an overall reduction in ureteric branching, show evidence for a reduction in ureteric epithelial proliferation (Cain and Rosenblum, 2011) . However, what causes the process to end under normal circumstances is not known.
Branching does slow across developmental time (Cebrian et al., 2004) , indicating that the ϲ relationship between these populations changes with time. The final nephrons form in the immediate postnatal period, arguably in both mouse (Rumballe et al., 2011) and humans (Faa et al., 2010) .
Whether this represents the inevitable consequence of the relationship between the two progenitor populations or the imposition of another signal is not known, but will be important in understanding how we might ameliorate challenges such as those associated with premature birth.
There are very few mathematical models of mammalian organogenesis, and most of these focus on lung morphogenesis. Metzger et al. (2008) documented a stereotypic process of branching in the mammalian lung, proposing a small subset of branching routines that reproducibly play out at distinct times and positions. A mathematical model based on diffusion-limited growth has been proposed to describe the regulation of branching during lung morphogenesis (Hartman and Miura, 2006) . In an alternative approach, the mesenchymal and epithelial tissues were modelled as distinct viscous fluids, separated by a moving boundary whose shape changes were assumed to mimic branching (Lubkin and Murray, 1995) . In the kidney, Hirashima et al. (2009) used a cellular Potts model to investigate how the balance between cell proliferation and chemotactic cell movement could influence the pattern of ureteric branching in vitro. In this model, branching was assumed to be driven solely by a signal from the adjacent mesenchyme, however isolated ureteric epithelium has an intrinsic capacity to branch (Qiao et al., 1999) . More recently, initiation of kidney branching has been simulated using a ligand-receptor based Turing model that represents the known Gdnf-RetWnt11 feed forward loop and this has been refined into a laboratory based model based on organ culture of kidneys (Adivarahan et al. (2013) ). Organ culture, while useful for simple studies of branching, does not recapitulate normal branching mechanics (Short et al, 2010) . None of these studies have used data from in vivo kidneys, across development and in three dimensions. Leveraging data that we have quantified from in vivo 3D imaged kidneys across ϳ development (Short et al. 2014) , we set to build a model that attempts to explain observations of in vivo kidney development.
To aid understanding of how tip-cap interactions regulate branching and final nephron number, in this paper we present a spatially-averaged mathematical model of kidney UB branching which predicts the total number of branching events on the assumption that branching is symmetric and dependent upon the ratio of mesenchyme to ureteric tip cells. The model comprises two, coupled ordinary differential equations (ODEs) that relate the development in time of the ureteric tip (u) and mesenchyme (m) progenitor populations to their rates of growth (r u and r m ) and their rates of exit via differentiation (r ub and r mv ) across time within a standardised tip-cap unit. Branching is assumed to occur when u reaches a threshold value, at which time each u and surrounding m population bifurcate symmetrically. The model predictions with respect to compartment size across time and branch number are compared with, and refined by, comprehensive quantitative measurements of cell number, branch number and cell proliferation rate observed within whole embryonic mouse kidneys across developmental time (Short et al., 2014) . Based upon the model, we predict that cessation of nephron formation requires an additional, as yet undefined trigger to increase the rate of differentiation of the mesenchyme to nephron (r mv ). We then use the model to probe the sensitivity of the system to perturbation events at different times during kidney development. Our model simulations suggest that the system is most sensitive to disturbances in proliferation of the mesenchyme but shows considerable resilience to perturbations that slow or deplete ureteric epithelial cells. Our model also yields predictions about the impact of environmental and molecular perturbations on kidney development and the relative influence of the timing of such insults.
ϴ

Mathematical Model
We formulate a time-dependent, spatially-averaged model of kidney morphogenesis as a system of nonlinear ordinary differential equations (ODEs). While the model is specialised for mouse kidney development, it could be modified to describe kidney development in humans. The model describes the period of kidney development that starts after the initial branching event of the ureteric tip occurs (embryonic day (E) 11.5 in mice) and ends when cessation of branching occurs (postnatal day 2; E21.5). We assume that the kidney emerges from an ureteric bud that comprises a population of epithelial or tip cells, u(t) , and that these cells are surrounded by a population of mesenchymal cap cells, m(t) (Fig. 1A) . Crosstalk between the two cell populations regulates their rates of cell proliferation (Little and McMahon, 2012) . The tip cells also produce the cells that form the branches of the developing kidney. We assume that when tip cells divide, a fixed proportion of their daughter Applying the principle of mass balance to the tip and cap cells, we deduce that their time evolution is governed by the following system of ODEs:
We close equations (1) - (2) by imposing the following initial conditions:
where init t is the time at which the period of kidney development under investigation commences (E11.5 for mice).
As described in the introduction, there is compelling evidence that interactions between cap and tip cells regulate their rates of proliferation and differentiation. For example, Gdnf produced by mesenchymal cells stimulates tip cell proliferation (Jain, 2009 ) while the production of Wnt9b by ureteric tip cells drives differentiation of mesenchymal cells . When prescribing the functional forms for , u r m r , ub r and mv r , rather than introducing additional dependent variables to describe the signalling molecules that mediate tip-cap interactions, for simplicity we assume that the growth and transformation rates depend on the ratio:
In Fig. 1B we indicate how the rates u r , m r and mv r depend on w . We show also how these functional forms are consistent with our experimental observations (Short et al, 2014) , the latter being detailed in supplementary materials (see Tables A .3-A.5 in Appendix A).
ϭϬ When specifying the rate of tip cell proliferation, we account for the positive effect that mesenchymal cells exert on tip cell proliferation via Gdnf and Ret-signalling by assuming that r u (w)
is a monotonically decreasing function of w (i.e. an increasing function of m for fixed values of u).
We assume further that for sufficiently small values of w (i.e. large cap-to-tip ratios for which Gdnf would likely saturate the Ret receptors), the rate of tip cell proliferation attains its maximum value, u R . Combining these assumptions, we arrive at the following expression for r u (w):
In equation (5), 0 u u w δ < < are positive constants, u w representing the threshold tip-cap ratio below which cap cell proliferation is maximal. Equation (5) is one of the simplest functional forms that captures the behaviour described above. Alternative functional forms were considered but did not alter the qualitative behaviour of the model (see Appendix C for details).
We base our choice of r ub (w) on in vitro experimental results obtained by Shakya et al. (2005) . They observed that labelled cells remain localised within the growing tip remained while undergoing proliferation, with no label entering the associated trunk until after the tip had bifurcated.
Accordingly, we assume that the transformation of tip to trunk cells is focussed at the time of branching and to represent this, we fix r ub (w)=0 unless otherwise stated. However, from equation (1) it is clear that a reduction in u r can, equivalently, be viewed as a positive value of ub r .
We specify a cap cell proliferation rate ( ) m r w that is compatible with experimental observations (see (6) 
where mv R and ( 1) σ ≥ are assumed to be constant, non-negative parameters.
We use experimental observations to estimate the parameters , , , We now consider the mechanisms that govern branching of the ureteric tree, focussing, in particular, ϭϮ on the criteria for branching.
Criteria for branching of the ureteric tree. We assume that branching occurs instantaneously and denote by t=t i the time at which the i-th bifurcation event takes place. We term the period 1 i i t t t + − − < < the i-th generation and suppose that during this period the tip and cap cell numbers increase at rates defined by equations (1) and (2) We emphasise that u(t) is discontinuous at t=t i , and that i u − and u i + represent the tip cell numbers just before (t= t i -) and just after (t=t i + ) the i-th branching event (similar notation is used for the jump in the cap cell number at t=t i ).
Based on observations that tip size declines over time (Short et al., 2013) , we assume that i u − (the threshold value for branching) decreases between successive generations. The following information provides partial justification for our assumption. Firstly, the minimum size of the new tips that appear at branching is limited by the bending resistance of the tip surface (as the tip surface has elasticity). In turn, the branching tip cannot be smaller than the new tips. Thus, the tip must attain a critical size (or exceed a threshold number of cells) in order to branch. Second, the Turing model of pattern formation proposed in ) generated bifurcations or trifurcations from large tips and tip elongation for smaller ones. While Menshykau and Iber did not explicitly discuss tip sizes, this conclusion follows from their analysis and is consistent with the general theory of Diffusion Driven Instability).
In the absence of detailed geometrical data, the following branching rule is used to relate i u − to 1 i u − − ( 2 i ≥ ) and, hence, to determine t i , the time at which the i-th generation ends: We assume that at t=t i , the tip-cap unit splits into two identical buds (Shakya et al., 2005) and that the tip and cap cells are partitioned symmetrically between the new buds as follows:
where 0 < β < 1 indicates the proportion of tip cells that remain as tip cells, the remainder becoming branch cells (see Fig. 1C ).
Cessation of branching.
We assume that cessation of branching occurs at final t t = when the population of mesenchymal cap cells reaches zero and that thereafter the tip cells stop proliferating because the proliferative stimulus from the cap cells is absent. The number of kidney tree branches does not change after this time.
Model summary. The model comprises ODEs (1) and (2) for u and m -and initial conditions (3), with u r , m r and mv r defined by equations (5)- (7). We integrate the model from t=t init (i.e. E11.5, when the first branch is already formed) until either cessation of branching (when m reaches zero) or branching, as defined by equations (8) and (9), occurs. Normally, tip-cap units branch several times before cessation of branching occurs. When branching occurs (at t=t i ), the two cell populations divide symmetrically into two, smaller populations and a proportion of the tip cells become trunk ϭϰ cells. After branching, the system continues to evolve and we follow one of the two new tip-cap units, assuming that branching is synchronous across the kidney so that it has 2 i tip-cap units on generation i (see Fig. 2A for a schematic of our model of kidney development). When birth occurs (at t=t birth ), the transformation rate mv r increases (as defined by equation (7)), driving the m cell population to zero.
We used the experimental observations reported in (Short et al., 2013; Short et al., 2014) to estimate the parameters that appear in our mathematical model (see Appendix A for details). A list of the dimensional parameters, along with their default values are reported in Table 1 .
Results
When generating numerical simulations we used the parameter values stated in Table 1, unless otherwise stated, and a dimensionless form of equations (1)- (9) cap and/or tip cell proliferation rates that may be induced by environmental challenges. We also perform a parameter sensitivity analysis in order to determine which model parameters have the greatest impact on kidney development (see Appendix C for details). Table A .1 ϭϱ in Appendix A). As expected, the simulation profiles for u and m are discontinuous when a bifurcation occurs and a tip-cap unit splits into two smaller units.
Normal kidney morphogenesis and conditions for cessation
During the period from E11.5 to E15, branching is frequent. Thereafter it becomes less frequent as the growth rates of the cap and tip cells decline (Fig. 2B ). This behaviour is consistent with observations from (Cebrian et al., 2004) and (Short et al., 2014) . We have applied a trigger that increases mv r is activated at the time of birth (E19.5 in the mouse). As a result, cessation of branching occurs soon thereafter, at about E22, when the population of mesenchymal cap cells reaches zero and the tip cells stop proliferating.
If the transformation rate, mv r , does not increase at the time of birth (i.e. 1 σ = ), then equations (1)- (9) are autonomous and a stable, "discontinuous limit cycle" forms at t=E18: during one cycle of these periodic solutions, the numbers of cap and tip cells increase by the same amount as that by which they decline when branching occurs (Fig. 3A) . Thus, our model predicts that in the absence of further intervention, oscillatory solutions will persist indefinitely and cessation of branching will never occur. Critically, the periodic solution is defined by the values of the parameters associated with the growth and transformation rates ( ) Comparison of the periodic solution presented in Fig. 3A with the solution presented in Fig. 2B suggests that regulation of cap cell transformation may be necessary for cessation of branching to occur. To investigate the robustness of this predicted requirement for an active trigger at birth, in Fig. 3 we present other, qualitatively different solutions that the model generates when the system parameters are varied and there is no regulation of cap cell transformation rate at birth (ı is decreased from its default value of ı=2.6 to ı=1). The solutions in Fig. 3B reveal that when the maximum rate of tip cell proliferation is decreased from its default value of (Fig. 3C ).
The periodic behaviour (Fig. 3A-B . Obviously, a solution that is periodic in both u and m cannot give rise to cessation of branching unless regulation of mv r occurs at birth. For the default parameter values used to simulate normal development, the above condition is satisfied and the corresponding solution is periodic prior to the reduction in mv r that occurs at birth (E19.5: see Fig. 1B and 2A ). To further demonstrate that cessation requires an active change in r mv at birth, in Fig. 4 we show how the existence of periodic solutions depends on the values of the maximum rates of tip and cap growth (R u and R m , respectively) ); these results were generated by solving equations (1)- (9) numerically. We observe good agreement between these numerical results and the analytical expression for the curve that is predicted to partition parameter space into periodic and non-periodic solutions (the black curve, on which ϭϳ We remark that solutions for which cessation of branching occurs before day E22.5 require even bigger changes of R u and R m , than those considered in Fig. 4 and are not shown. The large perturbations to R u and R m needed to effect cessation of branching at a physiologically realistic time (E22.5) strengthen our assumption that there is an increase in the cap cell transformation rate, , at birth.
Model validation against characterised genetic mutation.
Having developed a model and estimated parameter values that yield realistic branch numbers within physiologically realistic timescales, we next tested its validity by simulating the known effect of global deletion of the Six2 gene. Six2 is expressed by mesenchymal cells and inhibits their differentiation into renal vesicles (Self et al., 2006) . Therefore we represent a mutation in Six2 by increasing ( ) mv r w , the rate at which cap cells transform into renal vesicles (in practice, we increase the parameter R mv that appears in equation (7)). [15].
How to maximise the final number of branches in the kidney by varying the growth rates of the cap and tip cells.
Based on an assumption that nephron number is proportional to the overall number of branches formed, and evidence that a higher nephron number is associated with reduced renal disease in r mv ϭϴ postnatal life (Bertram et al., 2011) , we used our model to determine how the final branch number (at E19.5) could be increased by manipulating the parameters R u and R m that appear in equations (5) and (6). By way of example, one might achieve this experimentally by increasing expression levels of a gene such as c-myc which promotes cell proliferation in the m population (Couillard and Trudel, 2009 ), or reducing expression levels of genes such as Spry1 that inhibit proliferation in the u population (Basson et al., 2005 (Basson et al., , 2006 Rozen et al., 2009 ). These changes could be induced at a specific time point, and would then persist until development had ceased.
In Fig. 5B , we show how the number of ureteric tree generations at E19.5 changes when we vary the maximum rates of tip and cap growth (R u and R m , respectively), these perturbations being initiated at E11.5 (left) and E15.5 (right). As expected, earlier changes in R u and R m are predicted to have a more marked effect on kidney development than later ones. They also indicate that the system is more sensitive to perturbations in R m than to perturbations in R u . For example, a 15% increase in R m at E11.5 yields a 25% increase in the number of generations at E19.5 (from 12 to 15) whereas the same increase in R u yields only a 8% decrease (from 12 to 11 generations). In particular, our model suggests that there will be a significant increase in the number of generations for large values of R m .
In practice, we anticipate that our model will not be valid in these situations as other effects not included in the model will become important (e.g. limited space for the developing kidney).
Therefore, for large changes in the values of the model parameters, the results should be interpreted qualitatively.
Our model simulations also predict that the number of generations declines when R u is reduced.
However for certain values of R m , the final number of kidney generations may decrease as R u is increased. This counter-intuitive behaviour arises because more rapid tip growth leads to a more rapid increase in w which, in turn, leads to an earlier transition from maximal rates of cell ϭϵ proliferation to reduced ones (Fig. 1B) . We illustrate this phenomenon in Fig. 6 
Thus, increasing the growth rate of the mesenchymal cells could be used to maximise the final number of branches in the kidney and this regulation will be more effective the earlier it starts. We remark further that the results for decreased R u (Fig. 5B) can also be interpreted as showing how kidney development changes when ub r (the rate at which tips cells transform into branch cells) is non-zero and proportional to u r .
Chronic reductions in the growth rates of tip and cap cells
During development, chronic reductions in the growth rates of all cells can be caused by factors including placental insufficiency, nutritional deficiency and chronic smoking in the case of humans (Moritz et al., 2008 (Moritz et al., , 2009a (Moritz et al., , 2009b Singh et al., 2007; Schreuder et al., 2006) . At present, the extent to which reduced proliferation of cell populations affects final organ size is not well understood.
Above, we discussed the relative effect of each. We can use our mathematical model to investigate the effect of reducing the growth rates of both tip and cap cells by the same proportion. The resulting number of ureteric tree generations at E19.5 corresponds to values in Fig. 5B (left) along ϮϬ the dotted line. As expected, chronic reduction of both growth rates negatively affects the final number of kidney generations, for example, a chronic decrease of 15% in both R u and R m yields an 8% reduction in the number of generations (from 12 to 11 generations).
Acute reductions in the rates of proliferation of both cap and tip cells
A number of environmental insults in utero are likely to result in global reductions in the rates of proliferation of both key progenitor compartments for a period of development (Barker et al., 2002) .
Such insults might include transient hypoxia resulting from blood loss or acute vascular constriction at specific times during development or late onset acute anomalies resulting from events such as preeclampsia or late placental insufficiency. The effect of timing on the relative severity of such events can be modelled by reducing R u and R m by the same proportion for differing periods of time and different times of onset. Fig. 5C shows how the final number of ureteric tree generations changes when R u and R m are reduced by at most 80% for a period of one day (left) or two days (right). As expected, longer periods of reduced growth have a greater, negative effect on the final number of kidney generations, this effect being more pronounced for later acute reductions because the kidney has time to recover from earlier insults (this result will be discussed in more detail later when we consider damaged kidneys). Thus, for example, a 60% decrease in both R m and R u initiated at E15 and maintained over a period of two days yields an 8% decrease in the number of generations at E19.5 (from 12 to 11) whereas the same decrease starting at E12 yields 12 generations, the normal number. Acute reductions at very late times have a less marked effect on the final number of ureteric tree generations since almost no branching occurs during this time window (Fig. 2B) . Thus, the effect of transient hypoxia with respect to the timing of the insult is most pronounced in the middle of organogenesis (E15).
Ϯϭ
Altering the balance between R u and R mv
While cap cells modulate u r and drive branching of the ureteric tree via their production of Gdnf, tip cells modulate both m r , via the production of growth factors such as FGF9 (Barak et al., 2012) , and mv r via the production of Wnt9b . Equally a reduction in canonical Wnt signalling inhibits both u r and mv r by reducing levels of ȕ-catenin and its binding to nuclear TCF and, therefore, the production of Wnt target genes (Bridgewater et al., 2008 (Bridgewater et al., , 2011 . Since it is unclear how simultaneous alterations to both u r and mv r would affect kidney development, we performed a parameter sensitivity analysis in which both R u , the maximum tip growth rate, and R mv, the rate at which cap cells transform into renal vesicle cells (see equation (7)), are varied. The results are presented in Fig. 5D .
Since the transformation rate decreases the number of cap cells, a reduction in R mv is equivalent to an increase in R m . Thus, the final number of kidney generations increases as R mv decreases. For example, a 15% reduction in R mv (from becomes so small that the number of the generations at E19.5 is not sensitive to the changes in R mv considered in Fig. 5D .
Use of the model to dissect the driving population during kidney development.
The predictions of the parameter sensitivity analysis suggest that the mesenchymal cells play a dominant role in defining the final branch generation. To understand the mechanisms driving morphogenesis, we used our model to consider the outcome of a reduction in the size of either the m or u population from a specific time point in development. For example, what will be the outcome if the number of tip cells is reduced by 50% at a specific time during development? Such disruptions could be achieved genetically via the use of compartment-specific promoters driving diphtheria toxin receptor expression. In such a model, tamoxifen would be used to activate diphtheria toxin production and kill the cells where it is expressed, resulting in depletion of u from a specific time point. The applicability of this approach within the kidney has been demonstrated for selective proximal tubule cell ablation under the regulation of the S3 promoter Gsl5 (Sekine et al., 2012) . A similar approach driven by a ureteric bud specific gene, such as Ret or Wnt11, would result in selective tip cell ablation. In our model we model the depletion that is induced, at time
redefining the values of the cell populations using
and continue the simulation with these modified values. The constants m χ and u χ represent the proportions of mesenchymal and tip cells killed by the intervention, while ( ),
the cell populations before and after the damage is inflicted. Fig. 7 shows how depleting either the tip cells (Fig. 7A) or the cap cells (Fig. 7B ) by 50% at E12.5
affects the subsequent development of the kidney. Depleting the tip cells has a weaker, deleterious effect on development than depleting the cap cells. In particular, when 50% of the tip cells are depleted, the number of bifurcations just before cessation of branching is the same as for normal branching, whereas when 50% of the cap cells are depleted this number reduces from 12 to 9.
In Figs. 7C and 7D we illustrate how the number of generations and the times at which bifurcations occur change when different proportions of tip (Fig. 7C) and cap ( Fig. 7D ) cells are depleted at E12.5. As expected, the perturbations delay branching, with larger perturbations producing longer delays. The kidney is predicted to recover from reductions in the number of tip cells, even large perturbations, so that the final branch generation number in the damaged kidney is the same as a healthy one. Thus, kidney development is resistant to a substantial transient loss of ureteric tip cells.
However, our results suggest that the kidney responds differently when the cap cells are damaged.
The cap cells are less able to recover from damage and the number of branching events reduces from Thus, the kidney fails to recover from large reductions in the number of cap cells and we conclude that such perturbations may give rise to premature cessation of branching.
Discussion
In this study, we have presented a spatially-averaged, time-dependent model of kidney organogenesis that enables us to predict final branch generation number within the developing mouse kidney under normal conditions and in response to specific perturbations. The model is based upon a representative tip-cap unit which is defined by the cell numbers present within the ureteric tip (u) and cap mesenchyme (m) populations, these cellular compartments being viewed as distinct, yet interacting, homogeneous compartments. Morphogenesis is assumed to proceed via a series of symmetric branching events, during which the number of tips doubles and the number of cells per compartment halves. Branching is interspersed by periods of growth, during which the volumes of the two cellular compartments increase due to proliferation, this process being offset by fluxes due to mesenchymal differentiation (r mv ) and transfer from ureteric tip to stalk cells when branching occurs.
A key challenge associated with developing this model was specifying the conditions for branching.
Simple rules were implemented: branching is assumed to occur when the number of tips cells (u) reaches a certain size and growth halts when w (=u/m, the ratio of tip to cap cells) falls below a threshold value. We based our initial estimates of the system parameters on biological observations of compartment size and compared the entire predicted process of organogenesis with biological observations collected across time in the wild type developing mouse kidney (Short et al., 2014) .
While our assumptions of symmetric and synchronous branching are simplifications (earlier Ϯϰ branching events may be asymmetric and generations are not synchronously formed (Short et al., 2014) ), the ultimate ureteric structure is dichotomous and can be represented as generation number for the purposes of predictive modelling.
There are many ways in which our model could be improved. Two natural extensions would be to monitor the number of nephrons that form and the lengths of the associated kidney tree branches.
Such model predictions could then be compared with data based on the difference between observed cell numbers in tip and cap and predicted cell numbers for each compartment based upon cell cycle length calculations reported by Short et al., 2014. Despite its simplicity, our model yielded several predictions about kidney morphogenesis. Using the default parameter values, the model predicts periodic solutions, characterised by a self-sustaining relationship between the cap and tip cells and, suggesting that branching should continue indefinitely. As this is not the case in vivo, we assume that cessation requires an active change in parameters, as we have modelled via an increase in r mv at birth. This assumption is supported by the biological data (Rumballe et al., 2011, Hartman and Miura, 2006) . However, while there are a growing number of genetic mutations in which there is evidence of premature cessation of organogenesis, there are no convincing reports in the mouse demonstrating prolongation of development. Our modelling supports the need for an active trigger to initiate a final wave of mesenchymal differentiation, which increases w such that branching ceases. In order to replicate this process, the model increases r mv from birth, resulting in a cessation of branching within 2-3 days.
This recapitulates what is observed in vivo (Rumballe et al., 2011) . The implications of this requirement for active termination are that premature activation of such a trigger, such as may occur with premature birth, will end the developmental program, making intervention past this time point impossible.
Ϯϱ
We investigated the sensitivity of our model to parameter changes that correspond to genetic or led to a decrease in kidney size and reduced final nephron number. However, quantification of ureteric tip number at E15.5 (latest stage at which this was evaluated) suggested a reduction of approximately 50%, which represents the effective loss of a single generation of branching. This implies the presence of compensatory mechanisms that allow morphogenesis to partially recover, supporting our proposed model.
A major weakness of our model is the lack of a definitive mathematical prediction of nephron number. While we can assume that more branching will result in more nephrons, the relationship between tip number and final nephron number is yet to be defined. A final wave of nephron formation occurs around the ultimate tips such that we predict a final value of 3.5 to 4 nephrons per tip (Rumballe et al., 2011) . Hence, over 40% of nephrons form after birth and hence after branching has ceased (Short et al, 2014) . However, an imbalance in this final nephrogenic process may result in reduced numbers of m cells within the final niche such that the ratio of nephrons / tip falls. While there is increasing understanding of the molecules regulating the decision by the mesenchyme to self-renew or differentiate into nephrons, more biological observations are required better to define this ratio. Another major caveat is that the model predicts only numbers of generations without any insight into intervening branch lengths, diameters or angles, all of which may also be perturbed by changes in the timing of branching or the behaviours of influencing cellular components not included in the model. Additionally, a mechanism describing the initialisation of branching (e.g. the Turing model proposed by Menshykau and Iber (2013) ) could be used to justify the criteria for branching that used in this paper. Despite these caveats, and in the absence of a more detailed model that accounts for the more subtle aspects of kidney development, our spatially averaged model can be used as a surrogate for final organ development based on branch generation number that is a major driver and indicator of organ formation. (1)- (9) numerically, using the default parameter values stated in Initially, bifurcation events are frequent but they occur less rapidly as the kidney develops until cessation of branching occurs. The simulation results are shown to be in good quantitative agreement with experimental measurements of u(t) and m(t) (Short et al, 2014 ; mean values and standard deviations of the experimental data are presented in (1)- (9) in the absence of a shift in r mv at birth. A summary of the different types of behaviour that can occur when there is no change in ( ) mv r w , the cap cell transformation rate at birth (ı=1). (A) When ı (equation (7)) is reduced from its default value of ı=2.6 to ı=1, u(t) and m(t) become periodic at t=E18, and the model predicts that cessation of branching never occurs. (B) When ı=1 and the maximum rate of tip cell proliferation is decreased from its default value of As mv R increases the number of generations decreases monotonically; the dependence on u R is identical to that shown in Fig. 5B .
ϯϴ Figure 6 . Predicting the effect of increasing the rate of tip cell proliferation on kidney morphogenesis. Simulation results of equations (1)- (9) showing how increasing the maximum rate of tip cell proliferation from its default value of 1 2.1 u
